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Explore



Fractals

The notion that these conjectures might have been reached by pure thought –

with no picture – is simply inconceivable” B. Mandelbrot, 1982

[Mathematics in the Age of the Turing Machine, Thomas Hales, ASL Lecture Notes in Logic. 2013]
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A one million dollar problem
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Visualizing the invisible

Picture and animation by C. Steger, CC Share Alike 4.0 4



Machine learning

Article

Advancing mathematics by guiding human 
intuition with AI

Alex Davies1 ✉, Petar Veličković1, Lars Buesing1, Sam Blackwell1, Daniel Zheng1, 

Nenad Tomašev1, Richard Tanburn1, Peter Battaglia1, Charles Blundell1, András Juhász2, 

Marc Lackenby2, Geordie Williamson3, Demis Hassabis1 & Pushmeet Kohli1 ✉

The practice of mathematics involves discovering patterns and using these to 

formulate and prove conjectures, resulting in theorems. Since the 1960s, 

mathematicians have used computers to assist in the discovery of patterns and 

formulation of conjectures1, most famously in the Birch and Swinnerton-Dyer 

conjecture2, a Millennium Prize Problem3. Here we provide examples of new 

fundamental results in pure mathematics that have been discovered with the 

assistance of machine learning—demonstrating a method by which machine learning 

can aid mathematicians in discovering new conjectures and theorems. We propose a 

process of using machine learning to discover potential patterns and relations 

between mathematical objects, understanding them with attribution techniques and 

using these observations to guide intuition and propose conjectures. We outline this 

machine-learning-guided framework and demonstrate its successful application to 

current research questions in distinct areas of pure mathematics, in each case 

showing how it led to meaningful mathematical contributions on important open 

problems: a new connection between the algebraic and geometric structure of knots, 

and a candidate algorithm predicted by the combinatorial invariance conjecture for 

symmetric groups4. Our work may serve as a model for collaboration between the 

fields of mathematics and artificial intelligence (AI) that can achieve surprising results 

by leveraging the respective strengths of mathematicians and machine learning.
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Prove



Four colors suffice

• Conjecture by F. Guthrie (1852)

• Computer-assisted proof : K. Appel, W. Haken (1976)

∼1200h computation required by the time of the publication
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Kepler conjecture

• Conjectured by J. Kepler, in trena Seu de Nive Sexangula (1611)

• Computer-assisted strategy: L. Fejes Tóth (1953)

• Proof: Th. Hales, S. Ferguson (1998)

[A proof of the Kepler conjecture, T. C. Hales, Annals of Mathematics, 2005]
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Kepler conjecture

Reviewing process by the Annals of Mathematics:

• 4 years of intensive work by a team of 12 reviewers led by G. Fejes Toth

• Report: 99% certain but unable to completely certify the proof.
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Kepler conjecture

Reviewing process by the Annals of Mathematics:

• 4 years of intensive work by a team of 12 reviewers led by G. Fejes Toth

• Report: 99% certain but unable to completely certify the proof.

Report by R. MacPherson, editor of the journal:

• The news from the referees is bad, from my perspective (...)

• They have run out of energy to devote to the problem.

• FT thinks that this situation will occur more and more often in

mathematics.

• The mathematical community will have to get used to this state of affairs.
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Kepler conjecture

Reviewing process by the Annals of Mathematics:

• 4 years of intensive work by a team of 12 reviewers led by G. Fejes Toth

• Report: 99% certain but unable to completely certify the proof.

Report by R. MacPherson, editor of the journal:

• The news from the referees is bad, from my perspective (...)

• They have run out of energy to devote to the problem.

• FT thinks that this situation will occur more and more often in

mathematics.

• The mathematical community will have to get used to this state of affairs.

Epilogue:

[The Annals] will no longer attempt to check the correctness of computer code.
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Ternary Goldbach Conjecture

Theorem

Every odd integer greater than 5 can be expressed as the sum of three primes.

7 = 3 + 2 + 2

9 = 3 + 3 + 3

11 = 5 + 3 + 3

13 = 5 + 5 + 3

15 = 5 + 5 + 5

17 = 5 + 5 + 7

19 = 5 + 7 + 7

21 = 7 + 7 + 7

23 = 17 + 3 + 3

. . . = . . .
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Ternary Goldbach Conjecture

[Accepted for publication in Annals of Mathematics, 2015, under revision]
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Ternary Goldbach Conjecture
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Computer-authored proofs

(. . . )
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A 200 terabytes proof

Pythagorean triples problem (Conjecture by R. Graham, 1980)

Is it possible to color each of the positive integers either red or blue, so that

no Pythagorean triple of integers a, b, c, satisfying a2 + b2 = c2 are all the

same color?
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A 200 terabytes proof

Pythagorean triples problem (Conjecture by R. Graham, 1980)

Is it possible to color each of the positive integers either red or blue, so that

no Pythagorean triple of integers a, b, c, satisfying a2 + b2 = c2 are all the

same color?

Answer: yes, but only up to 7824.
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A 200 terabytes proof

Pythagorean triples problem (Conjecture by R. Graham, 1980)

Is it possible to color each of the positive integers either red or blue, so that

no Pythagorean triple of integers a, b, c, satisfying a2 + b2 = c2 are all the

same color?

Answer: yes, but only up to 7824. Proof: By brute force.

[Solving and Verifying the Boolean Pythagorean Triples problem via Cube-and-Conquer, M. Heule et al. SAT 2016]

Picture by M. Heule. CC Share Alike 4.0
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Computer-produced handbooks
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Computer-produced handbooks
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Computer-produced handbooks

Problem

Today, no explicit policy for auditing software that produce proof steps.
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“Are we just getting the wrong answer

faster?”



What is a theorem?

[Alexander Grothendieck at the blackboard during a lesson at IHES, Courtesy of IHES]
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What is a theorem?
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Bad things happen

This bound is wrong:
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Bad things happen

This bound is wrong:

Fortunately the proof survives.
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Unsolvable bugs

∫ 1

0

∣

∣

(

x
4 + 10x3 + 19x2

− 6x − 6
)

e
x
∣

∣ dx ≃ 11.14731055005714
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Unsolvable bugs

∫ 1

0

∣

∣

(

x
4 + 10x3 + 19x2

− 6x − 6
)

e
x
∣

∣ dx ≃ 11.14731055005714

May 2016:

• Octave: quad/quadgk: only 10/9 correct digits;

• INTLAB verifyquad: false answer, without warning;

• VNODE-LP: not usable (cf. absolute value).

⇒ INTLAB removed support for the absolute value.
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√
x

Code from Arb/FLINT, Fast Library for Number Theory
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Symbolic Computation

In SymPy 1.5.1 1, compare

1 >>> simplify(hyper([n],[m],x).subs({m:-1, n:-1, x:1}))

2 2

with

1 >>> simplify(hyper([n],[m],x).subs(m, n)).subs({n:-1, x:1})

2 E

1Example suggested by F. Johansson.
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Symbolic Computation

In SymPy 1.5.1 1, compare

1 >>> simplify(hyper([n],[m],x).subs({m:-1, n:-1, x:1}))

2 2

with

1 >>> simplify(hyper([n],[m],x).subs(m, n)).subs({n:-1, x:1})

2 E

Wolfram Language (Mathematica) exhibit the exact same phenomenon.

⇒ Cross-verification is not enough.

1Example suggested by F. Johansson.
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Machine-checked proofs



Program verification

• Recipe:

• State expected properties on input

• State desired properties on output

• Inspect the code to prove implication

• Ingredients:

• Appropriate specification language, expressive enough

• (Human insight)

• Automation
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Program verification

• Recipe:

• State expected properties on input

• State desired properties on output

• Inspect the code to prove implication

• Ingredients:

• Appropriate specification language, expressive enough

• (Human insight)

• Automation

⇒ Tony Hoare (1934 - 2026)
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Example: in-place inversion of a permutation

• From a permutation array and a few extra slots:

2 4 5 1 3

• Compute the array of the inverse permutation:

4 1 5 2 3

Note that this is mathematically trivial:

• Input: 1 7→ 2 2 7→ 4 3 7→ 5 4 7→ 1 5 7→ 3
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Example: in-place inversion of a permutation

• From a permutation array and a few extra slots:

2 4 5 1 3

• Compute the array of the inverse permutation:

4 1 5 2 3

Note that this is mathematically trivial:

• Input: 1 7→ 2 2 7→ 4 3 7→ 5 4 7→ 1 5 7→ 3

• Output: 1← [ 2 2← [ 4 3← [ 5 4← [ 1 5← [ 3
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Example: in-place inversion of a permutation

• From a permutation array and a few extra slots:

2 4 5 1 3

• Compute the array of the inverse permutation:

4 1 5 2 3
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Example: in-place inversion of a permutation

• From a permutation array and a few extra slots:

2 4 5 1 3

• Compute the array of the inverse permutation:

4 1 5 2 3

Rules of the game:

• Overwritten data is lost.

• The number of extra slots does not depend on the permutation.

23



Program verification

An example from the Why3 gallery.
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Program verification for mathematics

• Recipe:

• State expected properties on input

• State desired properties on output

• Inspect the code to prove implication

• Interpret symbolic data

• Ingredients:

• Appropriate specification language, expressive enough

• (Human insight)

• Automation

• Libraries of mechanized mathematics

25



Mechanized/formalized mathematics

Representing mathematics in a fixed formal language, i.e.:

• Defining mathematical objects, statements, (calculations,) proofs;

• Verifying the correctness of these proofs by a mechanical process.
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Mechanized/formalized mathematics

Representing mathematics in a fixed formal language, i.e.:

• Defining mathematical objects, statements, (calculations,) proofs;

• Verifying the correctness of these proofs by a mechanical process.

⇒ And use a computer software for doing so.
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Skeleton of an interactive theorem prover
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Skeleton of an interactive theorem prover

Acts of faith:
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Skeleton of an interactive theorem prover

Acts of faith:

• Correctness of the proof checker

• Soundness of formal definitions X
27



Proof assistant

Two crucial natures of automation:

• In proofs:

have sq (a b : nat) : (a + b) ^2 = a^2 + 2 * a * b + b ^ 2

by ring.

Decision procedures

• In statements:

Definition determinant R n (A : ’M[R]_n) : R :=

\sum_(s : ’S_n) (-1) ^+ s * \prod_i A i (s i).

Inference of mathematical structures

Foundations have a significant impact on the implementation of these features.
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Machine-checked computer proofs



Example: computing rigorous quadratures
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Abstract syntax trees
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Formally Verified Approximations

Initial problem:

∫

b

a

f (x)dx ∈ [m,M] ?
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Formally Verified Approximations

Entry in the catalog:

∫ [eb ]R

[ea]R

[ef ]Rdx ∈ [m,M] ?
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Formally Verified Approximations

Verified computation:

∫ [eb ]R

[ea]R

[ef ]Rdx
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Formally Verified Approximations

Verified computation:

∫ [eb ]R

[ea]R

[ef ]Rdx ∈

∫ [eb ]I

[ea]I

[ef ]Idx
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Formally Verified Approximations

Verified computation:

∫ [eb ]R

[ea]R

[ef ]Rdx ∈

∫ [eb ]I

[ea]I

[ef ]Idx ⊆ [m,M]

[Formally Verified Approximations of Definite Integrals, A. Mahboubi, G. Melquiond, Th. Sibut-Pinote, JAR 2018]
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Formally Verified Approximations

Verified computation, using rigorous polynomial approximations:

∫ [eb ]R

[ea]R

[ef ]Rdx ∈

∫ [eb ]TM

[ea]TM

[ef ]TMdx ⊆ [m,M]

[Formally Verified Approximations of Definite Integrals, A. Mahboubi, G. Melquiond, Th. Sibut-Pinote, JAR 2018]
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Basic Plots In Two Dimensions

• Sample a given domain;

• Evaluate the function to be plotted at the sample points;

• Color corresponding pixels.
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Plotting exp(−x2) with sagemath
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Plotting exp(−x2) with sagemath
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Plotting exp(−x2) with sagemath
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Plotting sin(x) for x ∈ [0, 3141]
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Plotting sin(x) for x ∈ [0, 3141]
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sin(x)

Gnuplot Sagemath
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Faithful plotting is hard

Issues:

• Sampling

• Accuracy

• Bugs
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Faithful plotting is hard

Issues:

• Sampling

• Accuracy

• Bugs

Desired properties:

• Correctness: blank pixels are not traversed by the function graph

• Completeness: filled pixels are traversed by the function graph
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Faithful plotting is hard

Issues:

• Sampling

• Accuracy

• Bugs

Desired properties:

• Correctness: blank pixels are not traversed by the function graph

• Completeness: filled pixels are traversed by the function graph

⇒ Formally verified plots: guarantee correctness and strive for completeness

38



Generating formally verified plots

To obtain a verified plot for f (x) for x ∈ X :

• Partition X in (Xi )i=1...n

• Produce a list (ℓi )i=1...n of intervals

• Ensure (with a formal proof) that for every i = 1 . . . n:

∀x ∈ Xi , f (x) ∈ ℓi

• Fill the corresponding pixels.

Rigorous polynomial approximation make computations efficient enough.
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Demo

40



Demo (backup)
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Demo (backup)
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x ∈ [−10000, 10000]
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Perspectives



Libraries of machine-checked mathematics

[A computer-checked proof of the four color theorem, G. Gonthier (2003)]

[A Machine-Checked Proof of the Odd Order Theorem, G. Gonthier et al. (2013)]

[A formal proof of the Kepler conjecture Hales et al., Cambridge University Press, (2017)]

[Formalising the h-Principle and Sphere Eversion, F. van Doorn, P. Massot, O. Nash, Procs. of CPP (2023)]
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Mathematics in the making

Quoting P. Schölze about the Liquid Tensor experiment:

“(...) This makes the rest of the proof of the Liquid Tensor Experiment

considerably more explicit and more elementary, removing any use of stable

homotopy theory. I expect that Commelin’s complex may become a standard

tool in the coming years.”

“(...) this made me realize that actually the key thing happening is a reduction

from a non-convex problem over the reals to a convex problem over the

integers.”
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The future of mathematics?

The AI and formalization program that is being sold to us as the future of

fundamental physics seems to me to come with a big danger. It may turn this

field into nothing but an endless investigation of the blind alleys that are what

we know about now and have been stuck at for decades. This particular

“formalization of QFT” is an expedition headed down such a blind alley.

Peter Woit, on his blog Not Even Wrong
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Collaborative mathematics

• 2008 : First commit on the Stacks project (github)

• 2009 : First Polymath (wiki) project

• 2019 : Lean together (Amsterdam)
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The Busy Beaver challenge
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The Equational Theories Project

Organized by Pietro Monticone, Shreyas Srinivas, and Terence Tao,

with 24 other (human) collaborators.
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Large scale collaborations

• ITP provides a bedrock for collaboration to scale.

• Professional and amateur mathematicians can collaborate.

• Computer-produced proofs and human-created proofs have equal status.

• New mathematics have emerged from the projects.
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Computer-produced proofs, again
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AIs know better how to cheat

Tristan Stérin’s blog
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Skeleton of an interactive theorem prover

Acts of faith:

• Correctness of the proof checker X

• Soundness of formal definitions X
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Thank you

The product of mathematics is clarity and understanding. Not theorems, by

themselves. (...)

I think of mathematics as having a large component of psychology, because of

its strong dependence on human minds. Dehumanized mathematics would be

more like computer code, which is very different. Mathematical ideas, even

simple ideas, are often hard to transplant from mind to mind. (...)

In short, mathematics only exists in a living community of mathematicians that

spreads understanding and breaths life into ideas both old and new.

William Thurston Oct. 30, 2010, on mathoverflow.net
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